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We derive the three loop soft function for inclusive Higgs production in gluon fusion, and use it to
perform the resummation of the Higgs cross section at N3LL′ in SCET. We improve the accuracy of
the resummation by including contributions of collinear origin. We include finite top, bottom and
charm mass effect where available. These results are available through the public code ResHiggs.
I. INTRODUCTION
Although not directly measurable, the inclusive
cross section for Higgs production is an observable of
great interest, both experimentally (serving as nor-
malization for exclusive distributions) and theoreti-
cally, due to the bad convergence properties of its
perturbative expansion in the strong coupling αs. At
Large Hadron Collider (LHC) energies and for the
Standard Model (SM) Higgs, the inclusive cross sec-
tion is largely dominated by the gluon fusion pro-
duction mode, where the Higgs couples to the glu-
ons through a fermion loop, prevalently a top quark.
Being the top quark heavier than the SM Higgs, an ef-
fective field theory can be introduced where the top is
integrated out, leading to an effective pointlike gluon-
gluon-Higgs vertex.
QCD corrections to this process are known for a
long time at next-to-leading order (NLO) [1] and next-
to-next-to-leading order (NNLO) [2] in the heavy top
limit; the exact result at NLO is also known [3], while
finite top mass corrections at NNLO have been com-
puted as an expansion in mH/mt, being mH the Higgs
mass and mt the top mass [4]. The effective theory
turns out to predict well K-factors (ratios to the LO
cross section) for current LHC energies, but the accu-
racy of the theory is expected to decrease when the
collider energy increases, due to the wrongly predicted
high energy behavior at parton level [5].
These QCD corrections are huge: the NLO correc-
tion amounts to about 120% of the LO cross section,
while NNLO correction adds another ∼ 80%. On top
of that, canonical renormalization and factorization
scale variation bands (by a factor of 2 about the Higgs
mass) do not overlap, as a symptom of a very bad con-
vergence. Choosing a smaller central renormalization
scale (mH/2) slightly improves the described behav-
ior, with NLO and NNLO bands now overlapping, but
still being far from a decent convergence.
For these reasons, there has been a big effort in
going beyond NNLO. Within the heavy top effective
theory, the full next-to-next-to-next-to-leading order
(N3LO) computation is ongoing [6–9]; in the mean-
time, some approximate predictions based on known
all-order behaviors appeared [10–12]. Alternatively,
higher order contributions can be predicted by all-
order resummations, specifically the so called pi2 re-
summation [13] and soft gluon resummation [14–16].
Soft gluon resummation aims to resum logs of 1 −
z, being z = m2H/sˆ, with sˆ the partonic center of
mass energy; these logs are large at partonic threshold,
where z → 1. Although the Higgs at LHC is very far
from physical threshold, the partonic threshold is still
dominant, due to the shape of the gluon luminosity
that favors larger values of z in the convolution with
the partonic cross section [16, 17]. However, whether
the soft logarithms dominate at LHC strongly depends
on the actual form of such logarithms, differing from
each other by subdominant contributions vanishing at
z = 1, as discussed at length in Refs. [10, 15, 18].
Soft gluon resummation is currently known at
next-to-next-to-next-to-leading logarithmic accuracy
N3LL′ [15], where the prime denotes the inclusion of
some formally higher order terms, which however con-
tain the bulk of the next order correction [19]. This
result has been computed with the standard formal-
ism of QCD, sometimes referred to as direct QCD
(dQCD). Alternatively, soft resummation can be re-
alised within soft-collinear effective theory (SCET),
where it is known up to N3LL [16].
The purpose of this paper is to extend the SCET
result to N3LL′. To do this, we need the hard and soft
functions at three loop order, one order higher than
what is used in the N3LL result of Ref. [16]. While the
first ingredient is known since a few years [6], the sec-
ond was unknown at the time of writing.1 Exploiting
the equivalence of SCET and dQCD [16, 19, 21–23],
we extract the three loop expression of the soft func-
tion from the N3LL′ dQCD result. We also consider a
modification of the form of the soft logarithms that in-
cludes important collinear contributions, and discuss
the comparison to the dQCD result of Ref. [15].
II. SOFT GLUON RESUMMATION IN SCET
The inclusive Higgs cross section at a hadron col-
lider with center of mass energy
√
s can be written as
a sum over partons of convolutions
σ = σ0
∑
i,j
∫ 1
m2H/s
dz
z
Lij
(τ
z
, µ2F
)
Cij(z,m
2
H , µ
2
F)
(II.1)
of a parton luminosity
Lij
(
x, µ2F
)
=
∫ 1
x
dx′
x′
fi
( x
x′
, µ2F
)
fj
(
x′, µ2F
)
, (II.2)
1 Shortly before the completion of this letter, this missing in-
gredient has been computed in Ref. [20].
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2Notation′ Notation* Γcusp, β γi H, s˜Higgs Natural matching
LL LL 1-loop — tree-level LO
NLL NLL* 2-loop 1-loop tree-level LO
NLL′ NLL 2-loop 1-loop 1-loop NLO
NNLL NNLL* 3-loop 2-loop 1-loop NLO
NNLL′ NNLL 3-loop 2-loop 2-loop NNLO
N3LL N3LL* 4-loop 3-loop 2-loop NNLO
N3LL′ N3LL 4-loop 3-loop 3-loop N3LO
Table I. Orders of the logarithmic approximation and of the ingredients needed to achieve it.
which is itself a convolution of parton distribution
functions (PDFs) fi(x, µ
2
F), and a perturbative par-
tonic coefficient function Cij(z,m
2
H , µ
2
F); the prefactor
σ0 is chosen such that Cgg is normalised to 1 at LO.
In SCET, hard, collinear and soft modes are inte-
grated out at subsequent matching steps, leading to
a factorised form for the partonic coefficient function.
In the inclusive case, the coefficient function for the
gg channel can be written as [16]
Cgg(z,m
2
H , µ
2
F) = H(µ
2
F)S(z, µ
2
F), (II.3)
where H(µ2F) is a hard function and does not depend
on the Higgs kinematics and S(z, µ2F) is a soft func-
tion, and we are omitting an implict mH dependence
in each factor. In Ref. [16], the hard function is further
factorised due to the usage of the heavy top effective
theory; here, instead, we keep finite top mass depen-
dence (up to NNLO), as done for instance in Ref. [24].
The hard and soft functions obey evolution equa-
tions in the energy scale µF, whose solution can be
written in a closed form [16, 24]: this can be used
to write each function at a hard scale µH and a soft
scale µS respectively, simply supplementing Eq. (II.3)
by evolution factors from each scale to the common
scale µF. Using the results of Ref. [16], we write
Cgg(z,m
2
H , µ
2
F) = H(µ
2
H)U(µ
2
H, µ
2
S, µ
2
F) (II.4)
× s˜Higgs
(
log
m2H
µ2S
+ ∂η, µ
2
S
)
z−η
(1− z)1−2η
e2γη
Γ(2η)
,
where η = 2aΓcusp(µ
2
S, µ
2
F) and
U(µ2H, µ
2
S, µ
2
F) =
α2s(µ
2
S)
α2s(µ
2
F)
[
β(αs(µ
2
S))/α
2
s(µ
2
S)
β(αs(µ2H))/α
2
s(µ
2
H)
]2
×
∣∣∣∣∣
(−m2H − i
µ2H
)−2aΓcusp (µ2H,µ2S)∣∣∣∣∣ (II.5)
× ∣∣exp[4S(µ2H, µ2S)− 2aγS (µ2H, µ2S) + 4aγB (µ2S, µ2F)]∣∣,
having introduced the definitions
S(ν2, µ2) = −
∫ αs(µ2)
αs(ν2)
dα
Γcusp(α)
β(α)
∫ α
αs(ν2)
dα′
β(α′)
,
aγ(ν
2, µ2) = −
∫ αs(µ2)
αs(ν2)
dα
γ(α)
β(α)
. (II.6)
The anomalous dimensions Γcusp, γ
S , γB and the
QCD β function should be included according to
Tab. I to obtain a given logarithmic accuracy. Up to
N3LL, all these ingredients can be found in Ref. [16],
except the unknown 4-loop Γcusp, which is usually es-
timated with a Pade´ approximant [25] (and has a neg-
ligible impact on the final result). To reach N3LL′ we
need in addition the three loop hard and soft func-
tions; the first has been computed in Ref. [6], and the
latter is presented in the next Section.
In Tab. I we also show different ways of counting the
logarithmic accuracy (unprimed and primed, or, us-
ing a notation introduced in Ref. [23], starred and un-
starred), depending on the order of the matching func-
tions H and s˜Higgs. A natural logarithmic counting at
the exponent would lead to the unprimed (starred)
accuracies; however, it is known [19] that the inclu-
sion of the next order matching functions, leading to
the primed (unstarred) accuracy, contains the bulk
of the next logarithmic order correction. Also, it is
natural to match the NkLL result to Nk−1LO, while
the NkLL′ result is naturally matched to NkLO, be-
cause the hard and soft function contain ingredients
to the same order. However, since currently the N3LO
is not complete, in our analysis we will match N3LL′
to NNLO, which effectively corresponds to estimat-
ing the fixed order α3s contribution with the order α
3
s
expansion of the N3LL′ resummed result.
III. THE THREE LOOP SOFT FUNCTION
To derive the three loop soft function, we use the
fact that the expansion of the NkLL′ must match the
soft part of the fixed order NkLO result. This is a
direct consequence of the way SCET is constructed:
the functions H and s˜Higgs are found by subsequent
matchings of full QCD onto SCET. Alternatively, this
can be understood in terms of the equivalence of
SCET and dQCD [16, 19, 21–23]: for a particular
choice of the scales µS and µH, SCET and dQCD co-
incide to all orders in αs. Additionally, the expansion
of the SCET NkLL′ result does not depend on µS and
µH up to order α
k
s : so, up to this order, the expan-
sion must coincide with the same expansion in dQCD,
independently on the scale choice.
Therefore, to determine the soft function s˜Higgs to
order α3s, we expand the SCET result Eq. (II.4) to
order α3s and equate it to the soft part of the fixed
N3LO result [8] (or, equivalently, the third order ex-
pansion of the dQCD resummed N3LL′ result [15]).
3Since to this order the scale choice is immaterial, we
are free to set µH = µS = µF, which switches off the
resummation and makes the computation easier, since
U = 1 and η = 0. However, before setting η = 0 we
need to compute the derivatives in the first argument
of s˜Higgs, and regularise with a plus distribution the
z → 1 behavior. In fact, it turns out to be easier to go
to Mellin space first, since the coefficient function is
an ordinary function in N space, and the η → 0 limit
is harmless. We have carried out the computation in
Mathematica. Writing the expansion of s˜Higgs as
s˜Higgs(L,αs) = 1 +
αs
pi
s˜
(1)
Higgs(L) +
(αs
pi
)2
s˜
(2)
Higgs(L) +
(αs
pi
)3
s˜
(3)
Higgs(L) + . . . (III.1)
we find for the third order coefficient
s˜
(3)
Higgs(L) = C
3
A
[
L6
48
− 11L
5
144
+
(
925
1728
− ζ2
16
)
L4 +
(
11ζ2
144
+
7ζ3
8
− 1051
648
)
L3 +
(
−13ζ
2
2
80
− 67ζ2
288
− 209ζ3
144
+
20359
5184
)
L2
+
(
11ζ22
40
+ ζ2
(
193
648
− ζ3
24
)
+
1541ζ3
216
− 3ζ5 − 297029
46656
)
L
+
11657ζ32
15120
− 4261ζ
2
2
2160
+
23333ζ2
46656
− 11ζ2ζ3
24
+
67ζ23
36
− 21763ζ3
3888
− 121ζ5
72
+
5211949
839808
]
+ C2Anf
[
L5
72
− 41L
4
432
+
(
457
1296
− ζ2
72
)
L3 +
(
5ζ2
144
+
ζ3
72
− 793
864
)
L2 +
(
ζ22
20
− 19ζ2
648
− 113ζ3
216
+
31313
23328
)
L
+
389ζ22
2160
− 1633ζ2
23328
+
19ζ3
81
− ζ5
12
− 412765
419904
]
+ CACFnf
[
L3
48
+
(
ζ3
4
− 55
192
)
L2 +
(
− ζ
2
2
10
− 19ζ3
36
+
1711
1728
)
L+
19ζ22
180
+
ζ2ζ3
12
− 55ζ2
576
+
355ζ3
648
+
7ζ5
18
− 42727
31104
]
+ CAn
2
f
[
L4
432
− 5L
3
324
+
25L2
648
+
(
− ζ3
18
− 29
729
)
L+
13ζ22
1080
− ζ2
648
+
55ζ3
972
− 4
6561
]
. (III.2)
Eq. (III.2) is the main analytic result of this letter.2
It is of course the same in the exact theory and in the
heavy top effective theory, since this difference is all
contained in the hard function H.
IV. THE HIGGS CROSS SECTION AT N3LL′
We are now ready to present the results for the
N3LL′ inclusive Higgs cross section in gluon fusion.
To facilitate the comparison with Ref. [15], we use the
NNLO set of parton distributions NNPDF 2.3 [26]
with αs(mZ) = 0.118 at each order, and αs run-
ning at three loop order. We set the top mass to
mt = 172.5 GeV, and we take the bottom and charm
masses from the PDF set for consistency, namely
mb = 4.75 GeV and mc = 1.41 GeV. Regarding the
fermion mass dependence, we use the same setup as in
Ref. [15], namely the common LO prefactor is exact
with top, bottom and charm running in the loop, the
NLO correction is also exact, and the NNLO contains
finite top mass corrections [4]. Since the effect of the
fermion masses is included in the hard function H in
2 Shortly before the completion of this letter, Ref. [20] pub-
lished a direct Feynman diagram computation of the same
object: the two results agree.
SCET, we do include the same effects in H at the same
orders, while for the third order we use the heavy top
limit value. We use the public code ResHiggs [27],
where we have implemented the resummation in the
SCET formalism.
In Fig. 1 (left) we show the cross section at differ-
ent fixed and resummed orders for mH = 125 GeV
and LHC at
√
s = 13 TeV. The error band repre-
sents scale variation only, and is computed differently
for the fixed order results and for the resummed re-
sults. Specifically, at fixed order we use canonical
scale variation by a factor of 2 up and down with re-
spect to the central scale, taken to be the Higgs mass
mH , for the factorization and renormalization scales
µF and µR independently, and requiring additionally
1/2 < µR/µF < 2. For the resummation, we follow
the procedure of Ref. [16], namely we vary each of
the scales µF, µH and µS about their central values,
and add the resulting errors in quadrature (after sym-
metrising each error). The central values for µF and
µH are the Higgs mass mH , and the variation is by a
factor of 2 up and down. For µS, the central value is
the average of two scales, called µIS and µ
II
S in Ref. [16],
obtained by requiring that the one loop contribution
of s˜Higgs to the cross section is 15% of the total or
at minimum, respectively; the variation is then per-
formed by letting µS vary between µ
I
S and µ
II
S .
It is clear from the plot that the inclusion of re-
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Figure 1. Higgs cross section at fixed order and at resummed level for mH = 125 GeV and LHC with√
s = 13 TeV. In the left plot we use the same choice for the soft logarithms adopted in Ref. [16], while in the right
panel we include a collinear improvement, as described in the text. Resummed results including pi2 resummation
are shown in lighter colors. Fixed order results are computed using the code ggHiggs [27].
summation at each order has a small impact on the
predicted cross section, given that each resummed re-
sult lies within the error band of the fixed order result
to which it is matched. Even the new NNLO+N3LL′
prediction, the last point of the plot, is compati-
ble with the NNLO, although the central value is
slightly larger, in agreement with the tendency found
in Refs. [10–12, 15]. Note also that the scale variation
bands at resummed level are smaller than the fixed
order bands at each order (except LO), hinting that
the uncertainty is underestimated, given that this is
already the case for the fixed order results.
These phenomena are in fact easy to understand.
The choice of the soft logarithms adopted in Ref. [16]
and used in this plot corresponds to plus distribu-
tions of the form (1− z)−1 logk 1−z√
z
. The presence of
the
√
z factor in the logarithm comes from kinematics,
and, though subleading at large z, improves the agree-
ment of the resummation when expanded in powers of
αs with the fixed order; however, the fixed order ex-
pansion of the resummation systematically underesti-
mates the full result [10], leading to such small impact
to all orders. In Ref. [10], on top of this kinematic im-
provement, it is shown that it is possible to include
a class of subdominant (i.e., suppressed by powers of
1 − z, and therefore beyond the leading power accu-
racy of SCET) logarithms of collinear origin to all or-
ders in αs [28–30]. The simplest realization of this
collinear improvement consists in multiplying all the
plus distributions by a factor of z, which is equiva-
lent in N space to a shift N → N + 1 [10, 15]. With
the inclusion of collinear contributions, adopted also
in Ref. [15], the agreement with fixed order improves
significantly.
Therefore, we modify the soft logarithms with this
additional z factor, and show the results in Fig. 1
(right). Note that we consistently change the val-
ues of µIS and µ
II
S , which we recompute according
to the prescription of Ref. [16] described above. As
expected, the contribution of the soft logarithms is
larger with this choice, also leading to a larger (and
more realistic) scale uncertainty, mostly driven by
µF uncertainty. Also, the convergence is improved:
excluding the LO+LL result (which contains to few
information), the NLO+NLL′, NNLO+NNLL′ and
NNLO+N3LL′ are compatible within the respective
uncertainty bands. Also, the convergence with primed
accuracies seems to be better than the one of the un-
primed results, in agreement with Ref. [19].
The cross section at NNLO+N3LL′ including the
collinear contributions is predicted to be σ = 47.5 ±
6.7 pb, corresponding to an increase of 19% with re-
spect to the fixed NNLO. This is compatible with
the result of Ref. [15], which is σ = 48.2+4.2−2.0 pb for
the same configuration, thereby confirming the obser-
vation [19] that, practically, resummation performed
in dQCD and SCET with a soft scale choice as in
Ref. [16] leads to similar results when equivalent forms
of the soft logarithms are adopted.
Finally, we have also checked that the inclusion of
the pi2 resummation, adopted as default in Ref. [16],
does not affect the final NNLO+N3LL′ result signif-
icantly (by less than 1%), giving σ = 47.2 ± 6.1 pb
(when collinear improvement is included). However,
as it is well known [13], the inclusion of pi2 enhanced
terms to all orders leads to a much faster convergence,
as shown in Fig. 1; this is especially manifest in the
collinear improved case, where we also observe that
all the resummed results have overlapping uncertainty
bands, thereby suggesting a more reliable estimate of
the scale uncertainty.
V. CONCLUSIONS
We have computed the three loop soft function for
inclusive Higgs production in gluon fusion, deriving it
from the equivalence of the resummation as performed
in dQCD and in SCET. Our result agrees with the
very recent computation of Ref. [20]. We have used
it to compute the cross section at NNLO+N3LL′ in
5SCET, improving on the result of Ref. [16], pushing
it to the same accuracy of the current state of the art
dQCD result [15]. Also, we propose a minimal modi-
fication of the form of the resummed soft logarithms
which allows to include collinear contributions to the
result. We find that the inclusion of these contribu-
tions is important, and leads to a faster convergence
of the perturbative expansion, with more reliable un-
certainty estimate from scale variation, further im-
proved if the resummation of pi2 enhanced terms is in-
cluded. The result is also compatible within the uncer-
tainties with the NNLO+N3LL′ obtained in dQCD in
Ref. [15]. The numerical results are available through
the public code ResHiggs, version 2.0 onwards [27].
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